The Godbillon-Vey invariant for a foliation of codimension 1 is acohomology class defined by a 3-form. On a Riemannian manifold, this form can be expressed in terms of the curvature and torsion of the normal curve family and the second fundamental form of the leaves.
Introduction.
Given a foliation F of codimension 1 on a manifold M, Godbillon and Vey [1] have defined a de Rham class g in Ha(M; R) which depends only on £. If a metric is specified on M then it is possible to make a canonical choice of a 3-form y on M representing g. A metric on M also defines a family of normal curves to the foliation and induces a metric structure on the leaves. In this note we describe y in terms of the classical invariants of these curves and immersed submanifolds. Let £ be the vector field on M normal to the foliation (and hence tangent to the normal curves). Let k be the function on M such that k(x) is the curvature of the normal curve at x. On the open set where k^O, the normal field N and torsion t are defined. Let oj and r¡ he the 1-forms dual by the metric to T and N. Then 
Then
(2) y = k2 2 (r, + ¡AN, Z,))m A r¡ A £,.
For an oriented 3-manifold this result specializes to a global formula (3) y = K2ir + lTiN,Z))*l where *1 is the volume form. We prove these formulas in § §2 and 3 and calculate some examples on 3-manifolds in §4.
2. The definition of y. Let a foliation on M of codimension 1 be given by a nonvanishing 1-form co. Then dco=oeAx for some 1-form a, and Godbillon and Vey [1] show that y=-aAda is a closed form such that its cohomology class g in //3(M, R) depends only on the foliation. Let M be given a Riemannian metric ( , ) with norm | | and covariant derivative V. Let T he the unit normal field to the foliation, so we may define co by a>iX)=(T, X). The curvature k=\VtT\. Let °l¿ be the open set where k^O.
On <% the normal field A^is defined by VtT=kN; it follows that (N, T)=0. If the foliation is not transversely orientable, there is no globally defined nonvanishing co. However, the unordered pair {to, -a>} is defined globally and gives a well-defined a and y. Also k and N are independent of the orientation of T along the curves.
Thus the metric enables us to represent the Godbillon-Vey class by a canonical, locally defined form y. -1] a drj = 2 O, + 'AN> zi))m A n A £> which implies (2). Note that if T is replaced by -£, then N is unchanged but Tj is replaced by -r¡. Thus the above expression is unchanged, and the formula is applicable to foliations that are not transversely orientable.
For an oriented 3-manifold, Z may be defined on the entire set °U to be the unique vector field such that £, N, Z is an oriented frame field. Then (úhr¡ht, is just the volume element and formula (3) holds on all of Mif the function on the right-hand side is defined to be zero when k=0.
4. Two examples in dimension three. Consider a foliation of a part of euclidean 3-space whose leaves are surfaces of revolution about a common axis-think of a Reeb component about the z-axis. The normal curves lie in planes through the axis so t=0. Also N lies in these planes so Z is tangent to the meridians. Then Vz£ is tangent to the meridians also and lT(N, Z) = (N, Vz£)=0. Thus y=0. [3, p. 160] . Hence T=C, N=A, Z=B, k=1, t=\, and lT(N,Z) = (A, ViJC)=g. Hence k2(t+1)=1, so y is just the volume element of the group [1, §2] . SL(2; R) is locally isomorphic to a group of isometries of Lorentz 3-space. Since the hyperbolic plane is isometric to one sheet of the unit hyperboloid in this space, we may restrict the action to this sheet, and thus identify the group with the tangent circle bundle of the hyperbolic plane. The fibers are cosets of the 1-parameter subgroup generated by 2~1/2(£+C), and make an angle 7r/4 with the foliation. The tangent circle bundle of any orientable 2-manifold of genus greater than one is a compact quotient of this isometry group, and inherits a foliation from the group.
